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Higher-order correlations have been observed as particle-density fluctu­
ations. Approximate scaling with improving resolution provides evidence 
for a self-similar correlation effect. Quantum-Chromodynamics branching 
is a good candidate for a dynamical explanation of these correlations in 
e+ e-  collisions at CERN/LEP and, as expected, also of those in pp  colli­
sions at future CERN/LHC energies. However, also other sources such as 
identical-particle Bose-Einstein interference effects contribute.
PACS numbers: 12.38.Lg, 12.38.Qk, 13.66.Bc, 13.85.Hd, 13.87.Fh, 13.90.+i
1. T h e correla tion  form alism
We s ta r t  by defining sym m etrized inclusive q-particle d istribu tions
P a ) . a»Otot
I l  dpq
1
where a q( p i , . . .  , p q) is th e  inclusive cross section for q partic les to  be at 
P i , . . . , P q , irrespective of th e  presence and location of any fu rth e r p a r ti­
cles, pi is th e  (four-) m om entum  of partic le  i and a tot is th e  to ta l hadronic 
cross section of th e  collision under study . For th e  case of identical particles, 
in tegra tion  over an  interval Q in p-space yields
J  p i (p )d p  =  (n) , j  J  p2 ( p i , p 2 )d p id p 2 =  (n ( n  -  1 ) ) ,
q  a n
J  d p i . . .  J  dpq pq ( p i , . . .  ,pq) =  (n (n  -  1 ) . . .  (n  -  q +  1 ) ) ,  (2)
Q Q
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where n  is th e  m ultip licity  of identical partic les w ith in  Q in a given event 
and th e  angu lar brackets im ply th e  average over th e  event ensemble.
Besides th e  in terpartic le  correlations  we are looking for, th e  inclusive 
q-particle num ber densities pq( p i , . . .  ,p q) in general con tain  “triv ia l” contri­
bu tions from lower-order densities. I t is, therefore, advantageous to  consider 
a new sequence of functions C q( p i , . . . , p q) as those s ta tis tica l quan tities 
which vanish w henever one of th e ir argum ents becom es s ta tis tica lly  inde­
penden t of th e  o thers [1-3]:
C 2(1, 2 ) =  p2(1, 2) -  p i (1 )p i (2 ) , (3)
Ca(1, 2 , 3) =  p s (1 , 2 , 3) - ^  p i ( 1 )p 2(2 ,3) +  2p i ( 1 ) p i ( 2) p i (3 ), (4)
(3)
etc. In  th e  above relations, we have abbrev ia ted  C q( p i , . . . , p q) to  
Cq(1, 2 , . . .  , q); th e  sum m ations ind icate  th a t  all possible perm u ta tio n s m ust 
be taken . Expressions for higher orders can  be derived from th e  re la ted  for­
m ulae given in [4]. D eviations of these functions from zero shall be addressed 
as gen u in e  correlations.
It is often  convenient to  divide th e  functions pq and C q by th e  product 
of one-particle densities, which leads to  th e  definition of th e  norm alized 
inclusive densities and  correlations:
Rq ( p i , . . . , p q ) =  pq (pq, . . . , pq ) /P i ( p i ) . . . Pi (pq) , (5)
K q  ( p i , . . . , p q ) =  Cq ( p i , . . . , p q  ) /p i  (p i) . . .  Pi(j3q) . (6)
In  term s of these functions, correlations have been studied  extensively for 
q =  2. R esults also exist for q =  3, b u t usually  th e  s ta tis tics  (i.e. num ber 
of events available for analysis) are too  sm all to  isolate genuine correlations. 
To be able to  do th a t  for q >  3, one m ust apply  factorial m om ents F q defined 
via th e  integrals in Eq. (2), b u t in lim ited phase-space cells [5,6].
2. D e n sity  spikes
To see w hether it is w orth  th e  effort, we first look for density  fluctua­
tions in single events, signaling h igh-order correlations. A notorious JA C E E  
event [7] a t a pseudo-rap id ity  resolution (binning) of §n  =  0.1 has local fluc­
tu a tio n s up  to  d n /d n  ~  300 w ith  a signal-to-background ra tio  of ab o u t 1:1. 
A n NA22 event [8] contains a “spike” a t a rap id ity  resolution 5y  =  0.1 of 
d n / d y  =  100 , as m uch as 60 tim es th e  average density  in th is  experim ent.
Bialas and Peschanski [5] suggested th a t  th is  ty p e  of spikes could be a 
m anifesta tion  of “in term itten cy ”, a phenom enon well known in fluid d ynam ­
ics [9]. T h e  au tho rs argued th a t  if in term ittency  indeed occurs in partic le 
production , large density  fluctuations are no t only expected, b u t should also
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exhib it self-sim ilarity w ith  respect to  th e  size of th e  phase-space volume. 
Ideas on self-sim ilarity and fractals in je t  physics had already  been form u­
lated  in [10,11]. For soft hadronic processes, fractals and  self-sim ilarity were 
first considered in [12] and  th e ir q u an tita tiv e  m easures in [13].
In  m u ltipartic le  experim ents, th e  num ber of hadrons produced in a single 
collision is sm all and  sub ject to  considerable noise. To exploit th e  techniques 
em ployed in com plex-system  theory, a m ethod  had to  be devised to  sepa­
ra te  fluctuations of purely  s ta tis tica l (Poisson) origin, due to  finite partic le 
num bers, from th e  possibly self-sim ilar dynam ical fluctuations of th e  under­
lying partic le  densities. A solution, already  used in qu an tu m  optics [14] and 
suggested for m u ltipartic le  p roduction  in [5], consists in m easuring F q(Sy) 
in given phase-space volum es (resolution) 5y of ever decreasing size.
N ote th a t  th is  approach of explicitely  elim inating  “triv ia l” effects is re­
cently  being com plem ented by a m ore “holistic” approach  presented here by 
Liu Qin [15].
3. P ow er-law  scaling
Besides th e  p roperty  of noise-suppression, high-order factorial m om ents 
act as a filter and resolve th e  large-m ultip licity  ta il of th e  m ultip licity  d is­
trib u tio n . T hey  are thus particu la rly  sensitive to  large density  fluctuations 
a t th e  various scales 5y  used in th e  analysis. As shown in [5], a sm ooth  
density  d istribu tion , which does not show any fluctuations except for th e  
sta tis tica l ones, has th e  p roperty  of norm alized factorial m om ents F q(Sy) 
being independent of th e  resolution 5y  in th e  lim it 5y ^  0. O n th e  o ther 
hand, if self-sim ilar dynam ical fluctuations exist, th e  F q obey th e  power law
Fq(Sy) x  (S y ) - ^ q , (Sy ^  0 ) . (7)
T h e  powers 0 q (slopes in a double-log plot) are re la ted  [16] to  th e  anom a­
lous (or co-) dim ensions dq =  0q/(q  -  1 ), a m easure for th e  dev iation  from 
an integer dim ension. E quation  (7) is a scaling law since th e  ra tio  of th e  
factorial m om ents a t resolutions L  and  l
R _ F ,(0  _  ( L \ * '
R - m -  ( i )  (8)
only depends on th e  ra tio  L / l ,  b u t not on L and l ,  them selves.
One fu rth e r has to  stress th e  advantages of norm alized factorial cum u­
lants K q com pared to  factorial m om ents, since th e  form er m easure genu ine  
correlation  p a tte rn s.
As an  exam ple, high sta tis tics  d a ta  of th e  OPAL experim ent [17] are 
given in Fig. 1 in term s of K q, as a function of th e  num ber M  x  1/Sy of
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phase space p artitio n s for q =  3 to  5. In  th e  leftm ost colum n, th e  one­
dim ensional rap id ity  variable y is used for th e  analysis. T h e  d a ta  (black 
dots) show an increase of K q w ith  increasing M  for sm all M , b u t a s a tu ra ­
tion  a t larger M . Even though  weaker, some sa tu ra tio n  still persists when 
th e  analysis is done in th e  tw o-dim ensional p lane of rap id ity  y and  azim uthal 
angle #  (m iddle colum n), b u t approx im ate power-law scaling is indeed ob­
served for th e  analysis in th ree-dim ensional m om entum  space (right colum n). 
T hus, in high-energy collisions, fractal behavior is fully developed in th ree  
dim ensions, while p ro jection  effects lead to  sa tu ra tio n  in lower dim ension.
In Fig. 1, th e  d a ta  are also com pared to  a num ber of param etriza- 
tions of th e  m ultip licity  d istribu tions, as well as to  th e  M onte C arlo models
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Fig. 1. Cumulants of order q =  3 to 5 as a function of M 1/D in comparison 
with the predictions of various multiplicity parametrizations and two Monte Carlo 
models [17].
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JE T S E T  and HERW IG. One can see th a t  th e  fluctuations given by th e  neg­
ative binom ial (NB) (dashed line) are weaker th an  observed in the  d a ta . 
C on trary  to  th e  NB, the  log-norm al (LN) d istrib u tio n  (d o tted  line) overes­
tim a tes  the  cum ulants, while these expected for a pure b ir th  (PB ) process 
(dash-do tted) underestim ate  th e  d a ta  even m ore significantly th an  th e  NB. 
A m ong th e  d istribu tions shown, a m odified NB (M NB) gives th e  best re­
sults, even though  significant underestim ation  is observed also there. T he 
M onte C arlo m odels do surprisingly well.
4. D e n s ity  and correla tion  in tegrals
A fruitfu l developm ent in the  s tu d y  of density  fluctuations is the  density  
and  correlation strip -in tegra l m ethod  [18]. By m eans of in tegrals of the 
inclusive density  over a s trip  dom ain in yi ,y 2 space, ra th e r th an  a sum  of 
box dom ains, one not only avoids unw anted side-effects such as sp litting
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Fig. 2. Comparison of density integrals for q =  2 in their differential form A F2 
(in intervals Q2, Q 2 +  dQ2) as a function of 2 log(1/Q2) for e+e-  (DELPHI) and 
hadron-hadron collisions (UA1) [22].
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of density  spikes, b u t also d rastica lly  increases th e  in tegra tion  volum e (and 
therefore th e  sta tis tica l significance) a t given resolution. In  term s of th e  
strips (or hyper-tubes for q >  2), th e  density  integrals can  be evaluated 
directly  from th e  d a ta  afte r selection of a p roper d istance m easure, as e.g. 
th e  four-m om entum  difference Q j  =  - (pi -  P j)2, and afte r definition of a 
p roper m u ltipartic le  topology (G H P integral, [18] snake integral, [19] s ta r  
integral [20]). Similarly, correlation  in tegrals can be defined by replacing 
th e  density  pq in th e  in tegral by th e  correlation  function  C q.
Of p articu la r in terest is a com parison of h ad ro n -h ad ro n  to  e + e -  results 
in term s of sam e and  opposite charges of th e  partic les involved. Such a com ­
parison is shown in Fig. 2 for q =  2. A n im p o rtan t difference betw een UA1 
and D E L PH I can  be observed in a com parison of th e  two sub-figures: For 
relatively large Q 2(>  0.03 GeV2), w here B ose-E inste in  effects do no t play 
a m ajo r role, th e  e+ e -  d a ta  increase m uch faster w ith  increasing - 2  log Q 2 
th a n  th e  h ad ro n -h ad ro n  results. For e+ e - , th e  increase in th is  Q 2 region is 
very sim ilar for sam e and for opposite-sign charges. A t sm all Q 2, however, 
th e  e+ e -  results approach th e  h h  results. For e+ e-  annih ilation  a t L E P 
a t least two processes are responsible for th e  power-law behavior: Bose­
E instein  correlation  a t sm all Q 2 following th e  evolution of je ts  a t larger Q 2.
5. M u ltifracta l versu s m onofracta l behavior
A nom alous dim ensions dq fitted  over th e  (one-dim ensional) range 
0.1 <  Sy <  1.0 are com piled in Fig. 3 [26]. T hey  typically  range from dq =  
0.01 to  0.1, which m eans th a t  th e  fractal (Renyi) dim ensions D q =  1 -  dq 
are close to  one. T h e  dq are larger and grow faster w ith  increasing order q in 
^ p  and e+ e-  (Fig. 3(a)) th a n  in h h  collisions (Fig. 3(b)) and are sm all and 
alm ost independent of q in heavy-ion collisions (Fig. 3(c)). For hh  collisions, 
th e  (^-dependence is considerably stronger for NA22 ( y /s  =  22 GeV, all p x) 
th a n  for U A l (y /s  =  630 GeV, px  >  0.15 G eV /c).
In m ultip licative cascade m odels, th e  one-dim ensional m om ents follow 
th e  generalized power law [27]
F q x  (g (Sy ))^q , (9)
where g(Sy) is a general function  of Sy. Expressing g in term s of F 2, one 
finds th e  linear relation
ln F q =  cq +  ^ l n F 2 , (10)
02
from which th e  ra tio  of anom alous dim ensions is d irectly  ob tained . T his 
has been confirm ed by experim ent, not only in one dim ension, b u t up to
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Fig. 3. Anomalous dimension dq as a function of the order q, for (a) and e + e 
collisions, (b) NA22 and UA1, (c) KLM [26].
3D  [28]. M oreover, th e  ra tios 0 q/02  are found to  be largely independent 
of th e  dim ension of phase space and  of th e  ty p e  of collision. T he q depen­
dence is indicative of th e  m echanism  causing in te rm itten t behavior. For a 
(m ultiplicative) cascade m echanism , in th e  log-norm al approxim ation  (long 
cascades), th e  m om ents satisfy  th e  re la tion
d q 1_*
do fcq-l  2 ' (11)
However, th e  use of th e  C entral L im it Theorem  for a m ultip licative process, 
such as in th e  a-m odel, is a very crude approxim ation  [29] particu la rly  in 
th e  tails. As argued in [30], a b e tte r  descrip tion  is ob ta ined  if th e  den­
sity  probab ility  d is trib u tio n  is assum ed to  be a log-Levy-stable d istribu tion , 
characterized  by a Levy index ^ . In th a t case (11) generalizes to
d„ 1 < ? - a_£
d 2 2^ -  2 q -  1
For ^  =  0, im plying an  order-independent anom alous dim ension, the  
m ultifrac ta l behavior characterized  by (1 1 ) - ( 12 ) reduces to  a m onofractal 
behavior [31,32] w ith  dq/ d 2 =  1. This would happen  if in term itten cy  were 
due to  a second-order phase transition .
T he d a ta  are best fitted  w ith  a Levy index of ^  =  1.6, b u t im p o rtan t 
exceptions exist: W hile a fit to  th e  com bined NA22 d a ta  [33] on all variables 
and  dim ensions, as well as a weighted average over all ind ividual fits give ^  
values in rough agreem ent w ith  those of [28], th e  3 D -d a ta  have ^  >  2, not 
allowed in th e  sense of Levy laws. Even larger values of ^ , ranging from  3.2 
to  3.5, have been found for ^ p  deep-inelastic sca tte ring  in [30].
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6. Self-affin ity  versu s se lf-sim ilarity
C om paring log-log plots for one phase-space dim ension, one notices th a t 
th e  ln F q sa tu ra te , b u t a t different F q values for different variables y , $  or 
lnpT. However, also in three-dim ensional analysis th e  power law is not exact. 
T he 3 D  h h  d a ta  even bend upw ard. It has been shown in [37] th a t  th is 
can  be understood  by tak ing  th e  an isotropy of occupied phase space into 
account. In  view of th is  phase-space anisotropy, also its p a rtitio n  should be 
aniso trop ic. If th e  power law holds w hen space is partitio n ed  by th e  sam e 
factor in different d irections, th e  fractal is called self-similar.  If, on th e  o ther 
hand, it holds and only holds when space is partitio n ed  by different factors 
in different directions, th e  corresponding fractal is called self-a ffine  [38].
If th e  phase-space s tru c tu re  is indeed self-affine, it can  be characterized 
by a p aram ete r called roughness or H urst exponent [38], defined as
=  (13)
w ith  M i (i =  1, 2, 3; M i < M 2 <  M 3) being th e  p a rtitio n  num bers in th e  
self-affine transfo rm ations 5yi ^  S y i /M i ,  of th e  phase-space variables yi. 
T he H urst exponents can be ob ta ined  [37] from th e  experim entally  observed 
sa tu ra tio n  curves of th e  one-dim ensional F 2(5y i) d istribu tions,
F 2 (M i)=  A i  -  B i M - Yi (14)
as H ij  =  (1 +  Yj ) /(1  +  Yi). For h h  collisions, H ij  was indeed determ ined  
to  be of o rder 0.5 [39] for th e  longitud inal-transverse com binations, while it 
was found consistent w ith  un ity  w ith in  th e  transverse  p lane ( $ , P t )•
T he an iso tropy  is consistent w ith  th e  fact th a t  th e  longitudinal direction 
is privileged over th e  transverse d irections in h ad ro n -h ad ro n  collisions. On 
th e  contrary, no upw ard bending is observed in th e  th ree-dim ensional self­
sim ilar analysis of e+ e -  d a ta  [40], so th e  H ij are expected  to  be com patib le 
w ith  unity . T his observation is confirm ed w ith  th e  help of a full self-affine 
analysis perform ed w ith  a JE T S E T  7.4 M onte C arlo sam ple a t 91.2 GeV [41] 
and a full analysis of L3 d a ta  is underw ay [42] ind icating  an  approxim ately  
self-sim ilar behavior for full e+ e -  events, b u t a self-affine one for single je ts .
7. L ocal flu ctu ation s and Q C D
S ubstan tia l progress has been m ade to  derive analy tical QCD predic­
tions for fluctuations [23-25] in sm all angu lar phase-space intervals. A s­
sum ing L PH D  [43], these predictions for th e  p arto n  level can  be com pared 
to  experim ental d a ta  [44-46]. QCD is inherently  in te rm itten t and QCD
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predictions [23-25] g ran t th e  scaling behavior
i o 0 \ (D-Dq )(q-i)
W )  <* [ ^ )  > (15)
where Oq is th e  half opening angle of a cone around th e  jet-ax is, 0  is th e  
angu lar half-w idth  of a ring around th e  je t-ax is  centered  a t Oq, D  is th e  
underly ing topological dim ension (D  =  1 for single angle 0 ) ,  and  D q are 
th e  Renyi dim ensions.
A new scaling variable [25], z =  l n ( 0 o / 0 ) / l n ( E 0 o / A ) ,  w here th e  m ax­
im um  possible region ( 0  =  Oq) corresponds to  z =  0 , is used in Fig. 4(a). 
In  a fixed coupling regime, for m odera tely  sm all angu lar bins,
D g =  l 0 ( Q ) ^ ,  (16)
where jo(Q) =  \ / 2  C \ a s(Q) / tt is th e  anom alous QCD  dim ension calculated  
a t Q  ~  E O q , E  =  y f s /2 ,  and gluon color factor C a  =  N c =  3. This 
corresponds to  th e  th in  solid lines in Fig. 4(a). In th e  running-coupling 
regime, for sm all bins, th e  Renyi dim ensions becom e a function of th e  size of 
th e  angu lar ring ( a s(Q) increases w ith  decreasing 0 ) .  T h ree  approxim ations 
derived in DLLA are com pared in Fig. 4(a), according to  (a) [24], (b) [25], 
(c) [23]. In [24], an  estim ate  for D q has, furtherm ore, been ob ta ined  in 
MLLA.
T he fixed coupling approxim ates th e  runn ing  coupling for sm all z , bu t 
does not exhib it th e  sa tu ra tio n  effect seen in th e  d a ta . For second order, th e  
ru n n in g -as predictions lead to  th e  sa tu ra tio n  effects observed in th e  d a ta , bu t 
significantly underestim ate  th e  observed signal. P red ictions for th e  higher 
m om ents are too  low for low values of z , b u t ten d  to  overestim ate th e  d a ta  
a t larger z . T he DLLA approx im ation  differs significantly a t large z . T he 
MLLA predictions do not differ significantly from th e  DLLA result.
Using transverse m om entum  p t  ra th e r th a n  0 ,  w ith in  DLLA, th e  nor­
m alized factorial m om ents of gluons which are restric ted  as p t  <  p ^  are 
expected  [47] to  follow,
P  ( cut) ^  1 , g(g -  !) H P t V Q o) (17)
* q{PT } ~  +  6 ln ( P /Q 0) ’ ( }
where P  is again th e  in itial energy of th e  outgoing quark  and  p t  is defined 
relative to  th e  d irection  of th is  quark .
A gain, th e  DLLA predictions are on th e  p arto n  level and should be 
regarded asym pto tic , i.e. valid a t sm all p ^ -  Therefore, th ey  should be 
considered only as qualita tive  predictions w hen com pared to  th e  d a ta  in
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Fig. 4. The L3 data [45] compared to the analytical QCD predictions for A =
0.16 GeV and O0 =  25°: a s =  const (thin solid line); DLLA (a) [24]; DLLA 
(b) [25]; DLLA (c) [23]; MLLA [24]. (b) Factorial moments for charged particles 
in the current region of the Breit frame of e+p collisions at HERA, as a function 
of pTut, compared to Monte Carlo models at the hadron level (thick lines) and 
ARIADNE with Q 0 =  0.27 GeV at the parton level (thin solid line). The data are 
corrected for Bose-Einstein correlations by the BE factor indicated [48].
conjugation  w ith  th e  LPH D  hypothesis. Such a com parison has been m ade 
by ZEUS [48] (see Fig. 4 (b)). W hile DLLA (Eq. (17)) predicts th e  m om ents 
to  approach un ity  from  above as pTut decreases, th e  d a ta  show th e  opposite. 
T h e  M onte C arlo  m odels follow th e  tren d  of th e  d a ta , w ith  A R IA D N E  giving 
th e  best overall description.
To check th e  effect of energy-m om entum  conservation, th e  m om ents were 
also determ ined  a t th e  p arto n  level of A R IA D N E, th e  physics im plem enta­
tion  of which strongly  resem bles th e  analy tic  calculations [47]. To satisfy 
L PH D , th e  cut-off p aram eter Q 0 was reduced to  0.27 GeV, also ensuring th e  
p a rto n  m ultip licity  to  equal th a t  of th e  hadrons. T he resu lts are given as th e  
th in  solid line in Fig. 4(b). T hey  indeed show th e  behavior expected  from 
Eq. (17), i.e., th ey  disagree w ith  th e  hadronic d a ta . A nalogous differences 
betw een th e  hadron  and  p a rto n  levels of A R IA D N E  have been observed
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in e+ e-  ann ih ila tion  [47]. So, one has to  conclude w ith  th e  au tho rs th a t 
here th e  lim its of L PH D  are crossed, i.e. th e  F q are particu la rly  sensitive to  
dynam ical details of n o n -pertu rba tive  QCD.
8. B o se—E in ste in  correla tion s
W h eth e r derived as Fourier transfo rm  of a (static  and  chaotic) pion 
source d istribu tion , a covariant W igner-transform  of th e  (m om entum  de­
pendent) source density  m atrix , or from th e  string  m odel, identical-pion 
correlation  leads to  a positive, non-zero tw o-partic le correlato r K2 (Q) (see 
Eqs. (9) and (10)), i.e. to
R 2(Q) =  1 +  K 2(Q) >  1 (18)
a t sm all four-m om entum  difference Q. T hese B ose-E inste in  C orrelations, by 
now, are a well-established effect in all types of collisions, even in hadronic Z 0 
decay (for recent reviews see [49,50]) originally expected  to  be too  coherent 
to  show an  effect. If ex isten t also as in ter-W  BEC in fully hadronic W W  
decay a t LEP2, th is could serve as an  im p o rtan t lab o ra to ry  for research on 
th e  behavior of two (partia lly ) overlapping strings. T h e  s ta tu s  of th is  is 
reviewed here by Todorova [51].
O th er im p o rtan t recent observations are given in ab s trac t form below.
1. W hen  evaluated  in two (or b e tte r  th ree) dim ensions in th e  B ertsch - 
P ra t t  system , an  elongation  of th e  em ission region (b e tte r region of ho­
m ogeneity [52] is observed along th e  event axis in all types of collisions 
(h ad ro n -h ad ro n  [53], all four L E P experim ents [54], ZEUS [55], R H IC  [56]). 
However, it is im p o rtan t to  note th a t  th e  longitudinal rad ius of hom ogeneity 
is m uch sho rter th a n  th e  length  of th e  sting  (of order 1 %).
T h e  recent observation th a t  th e  ou t-rad ius does not grow beyond th e  
side-radius a t R H IC  [56] poin ts to  a short d u ra tio n  of em ission and  causes 
a problem  for some hydrodynam ical m odels [57], b u t not for e.g. th e  B u d a - 
Lund hydro m odel. T he la tte r, in fact gives a beautifu lly  consistent descrip­
tion  of single-particle sp ec tra  and  B EC  in h ad ro n -h ad ro n  and  heavy-ion 
collisions a t SPS and  R H IC  [58]. T h e  em ission function  resem bles a G aus­
sian shaped  fire-ball for AA collisions, b u t a fire-tube for h h  collisions.
2. T he form of th e  correlato r a t sm all Q is steeper th a n  G aussian, in fact 
consistent w ith  a power law as would be expected  from th e  in term ittency  
phenom enon described above. R ecent unifying progress is reported  here by 
Csorgo [59].
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3. T he approx im ate transverse  m ass m T 1/2 scaling first observed in 
heavy-ion collisions a t th e  SPS [60] and usually  blam ed on collective flow, is 
now observed a t R H IC  [56], b u t also in e+ eT collisions [61]. Q uite generally, 
it follows from a strong  position  m om entum  correlation  [62], be it due to  
collective flow or to  string  fragm entation .
4. G enu ine  three-pion correlations  exist in all types of collisions and, in 
principle, allow a phase to  be ex trac ted  from
cos <ƒ> =  lu( Q s ) =  K 3(Q 3) / 2 ^ / K 2( Q s ) . (19)
At sm all Q, th is  u  is near un ity  (as expected  from incoherence) for h h  [63] 
and e+ eT [64] collisions, as well as for P b P b  [65,66] and  A uA u [67] collisions 
a t SPS and R H IC , while it is near zero (com patib le w ith  full coherence) in 
collisions of light nuclei [65]. T his con trad iction  can be solved [49,68] if u  
is in terp re ted  as a ra tio  of norm alized cum ulants (Eq. (10)). Since K.qN  ^
of N  independent overlapping sources gets d ilu ted  like 1 / N q T l , u  would 
be reduced if strings produced by light ions (or in W W  decay!) do not 
in teract. If, in heavy  ion collisions, th e  string  density  gets high enough for 
them  to  coalesce, some kind of percolation  sets in (see also th e  talks of Dias 
de Deus [69] and  Ferreiro [70]) and full in ter-string  BEC gets restored.
5. A zim uthal an iso tropy  is now also observed in configuration space of 
non-central heavy-ion collisions a t AGS energies [71], b u t also a t R H IC  [72]. 
C on trary  to  elliptic flow, it is d irected  ou t of th e  event plane, b u t consistent 
w ith  th e  elliptic nuclear overlap in a non-central collision. D ue to  larger 
pressure in th e  event plane, th e  an isotropy gets reduced b u t not destroyed 
a t R H IC . Also th is is evidence for a short d u ra tio n  of pion emission.
Since a reaction plane also exists in h A ,  h h ,  and th ree -je t e+ eT collisions, 
applica tion  to  those would be in teresting. Of course, a three-dim ensional 
(e.g. B e rtsch -P ra tt)  analysis in bins of azim uthal angle requires a very high 
sta tis tics . For hA  collisions, th is  will hopefully soon becom e available from 
H ER A -B  (see M ure§an [73]).
9. Sum m ary
M ultipartic le  p roduction  in high-energy collisions is an  ideal field to  
s tudy  genuine h igher-order correlations. T hey  are d irectly  accessible in 
th e ir full m ulti-dim ensional characteristics, under well controlled experim en­
ta l conditions. M ethods also used in o th er fields are being tes ted  and  ex­
tended  here for general application. Ind ications for genuine, approxim ately  
self-sim ilar h igher-order correlations are indeed found in high-energy partic le 
collisions. A t large four-m om entum  distance Q 2, th ey  are not only expected 
to  be an  inheren t p roperty  of p e rtu rb a tiv e  QCD, b u t are d irectly  related
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to  th e  anom alous m ultip licity  dim ension and, therefore, to  th e  runn ing  cou­
pling constan t a s . A t sm all Q 2, th e  QCD  effects are com plem ented by 
B ose-E inste in  interference of identical mesons carry ing  inform ation on th e  
unknow n space-tim e developm ent of partic le  p roduction  during  th e  collision. 
T he in terp lay  betw een these two m echanism s, im p o rtan t for an  u n d erstan d ­
ing of th e  process of hadronization , is a p a rticu la r challenge a t th e  m om ent.
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